Bounded operators on weighted spaces of holomorphic functions on the
  polydisk by Harutyunyan, A. V.
ar
X
iv
:1
40
6.
73
61
v1
  [
ma
th.
CV
]  
28
 Ju
n 2
01
4 Bounded operators on weighted spaces of
holomorphic functions on the polydisk
A. V. Harutyunyan
Department of Applied Mathematics, Yerevan State University
1 Alex Manookian str., 0025, Yerevan, Armenia
anahit@ysu.am
August 19, 2018
Abstract
We consider the weighted Ap(ω) and Bp(ω) spaces of holomorphic
functions on the polydisk (in the case of p > 1). We prove some
theorems about the boundedness of Toeplitz operators on weighted
Besov spaces Bp(ω) and about the boundedness of generalized little
Hankel and Berezin- type operators on Ap(ω).
1 Introduction and auxiliary constructions.
Let Un = {z = (z1, . . . , zn) ∈ C
n, |zj | < 1, 1 ≤ j ≤ n} be the unit polydisk
in the n-dimensional complex plane Cn and let T n = {z = (z1, . . . , zn) ∈
C
n, |zj | = 1, 1 ≤ j ≤ n} be its torus. We denote by H(U
n) the set of
holomorphic functions on Un , by L∞(Un) the set of bounded measurable
functions on Un and by H∞(Un) the set of bounded holomorphic functions
in Un .
Let S be the class of all non-negative measurable functions ω on (0, 1)
for which there exist positive numbers Mω , qω , mω (mω, qω ∈ (0, 1)) such
that
mω ≤
ω(λr)
ω(r)
≤Mω
for all r ∈ (0, 1) and λ ∈ [qω, 1]. Some properties of the functions in S can
be found in [8]. We put
αω =
logmω
log q−1ω
; βω =
logMω
log q−1ω
.
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For example ω ∈ S if ω(t) = tα where −1 < α <∞ . We always have
tαω ≤ ω(t) ≤ t−βω , 0 < t < 1.
Below, for convenience of notations, for ξ = (ξ1, . . . , ξn), z = (z1, . . . , zn)
we put
ω(1−|z|) =
n∏
j=1
ωj(1−|zj |), 1−|z| =
n∏
j=1
(1−|zj |), 1− ξ¯z =
n∏
j=1
(1− ξ¯jzj).
Furthermore, for m = (m1, . . . ,mn), we put m+ 1 =
∏n
j=1(mj + 1).
Definition 1. Let 1 < p <∞ . We denote by Lp(ω) the set of all measur-
able functions on Un for which
||f ||pLp(ω) :=
∫
Un
|f(z)|pω(1− |z|)dm2n(z) <∞,
where dm2n(z) is the 2n−dimensional Lebesgue measure on U
n .
We set Ap(ω) = Lp(ω) ∩H(Un) and denote the restriction of || · ||LP (ω)
to Ap(ω) by ||·||Ap(ω) . In particular, for α = (α1, ..., αn) if ωj(t) = t
α
j , αj >
−1 (1 ≤ j ≤ n) we set Ap(ω) ≡ Ap(α).
Note that the spaces Ap(ω) are ω− weighted generalisations of Ap(α)
considered by F.Shamoyan (see [2], [9]).
The following definition gives the notion of the fractional derivative.
Definition 2. (1) For a holomorphic function f(z) =
∑(∞)
(k)=(0) akz
k , z ∈ Un
and for β = (β1, . . . , βn), βj > −1, 1 ≤ j ≤ n , we define the fractional
derivative Dβ as follows
Dβf(z) =
(∞)∑
(k)=(0)
n∏
j=1
Γ(βj + 1 + kj)
Γ(βj + 1)Γ(kj + 1)
akz
k,
k = (k1, . . . , kn), z ∈ U
n , where Γ(·) is the Gamma function and
∑(∞)
(k)=(0) =∑∞
k1=0
. . .
∑∞
kn=0
.
(2) Let D−β be the inverse operator, i.e. D−βDβf(z) = f(z) for z ∈ Un .
We put Df(z) = Dβf(z) if β = (1, . . . , 1).
It is not difficult to show, that
f(z) =
∫ 1
0
Df(rz)dr (1)
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Next we define the holomorphic Besov spaces on the polydisk (see [3]).
Definition 3. Let 1 ≤ p <∞ and f ∈ H(Un). The function is said to be
in Bp(ω) if
||f ||pBp(ω) =
∫
Un
|Df(z)|p
ω(1− |z|)
(1− |z|2)2−p
dm2n(z) <∞.
We start by defining the Toeplitz operator on the spaces H(Un). Let
L1(T n) be the class of all integrable functions on T n
Definition 4. The Toeplitz operator with symbol h ∈ L1(T n) is the integral
Th(f)(z) :=
1
(2pii)n
∫
Tn
f(ξ)h(ξ)
ξ − z
dξ =
=
1
(2pii)n
∫
Tn
f(ξ1, . . . , ξn)h(ξ1, . . . , ξn)
(ξ1 − z1) . . . (ξn − zn)
dξ1 . . . dξn, f ∈ H(U
n).
Remark 1. The above Toeplitz operator Th can be extended to functions
f ∈ Bp(ω) as follows: at first one can consider Th on some everywhere
dense subset of Bp(ω), for instance on the set of all polynomials where Th
is obviously well-defined. Then one can show that, if the operator Th is
bounded with respect to || · ||Bp(ω) on the set of polynomials then it has a
unique extension to Bp(ω) naturally denoted by Th again.
Our aim is to describe the symbols h , for which Th defines a bounded
operator Bp(ω)→ Bp(ω). Some problems about the Toeplitz operators can
be solved by means of Hankel operators and vice versa. In the classical
theory of Hardy of holomorphic functions on the unit disk there is only one
type of Hankel operator. In the Ap(α) theory they are two: little Hankel
operators and big Hankel operators. The analogue of the Hankel operators
of the Hardy theory here are little Hankel operators, which were investigated
by many authors (see for example [5, 1, 10]). Let us define the little Hankel
operators as follows: denote by A
p
(ω) the space of conjugate holomorphic
functions on Ap(ω). For the integrable function f on Un we define the
generalized little Hankel operator with symbol h ∈ L∞(Un) by
hαg (f)(z) = Pα(fg)(z) =
∫
Un
(1− |ζ|2)α
(1− ζz)α+2
f(ζ)g(ζ)dm2n(ζ),
α = (α1, . . . , αn), αj > −1, 1 ≤ j ≤ n.
3
The Berezin transform is the analogue of the Poisson transform in the
Ap(α) theory. It plays an important role especially in the study of Hankel
and Toeplitz operators. In particular, some properties of those operators
(for example, compactness, boundedness) can be proved by means of the
Berezin transform (see [10, 7] ). The Berezin-type operators, on the other
hand, are of independent interest.
Next we consider generalized Berezin-type operators on Ap(ω) if p > 1.
It will be shown that some properties of Berezin-type operators of the one
dimensional classical case also hold in our more general situation. For the
integrable function f on Un and for g ∈ L∞(Un) we define the Berezin-type
operator in the following way
Bαg f(z) =
(α+ 1)
pin
(1− |z|2)α+2
∫
Un
(1− |ζ|2)α
|1− zζ|4+2α
f(ζ)g(ζ)dm2n(ζ).
In the case α = 0, g ≡ 1 Bαg will be called the Berezin transform.
We need the following lemmas.
Lemma 1. Suppose f ∈ H∞(Un) and k = (k1, . . . , kn), kj ∈ N, 1 ≤ j ≤ n,
then ∣∣∣∣∣∂k1+...+knf(z)∂zk11 . . . ∂zknn
∣∣∣∣∣ ≤ Const∏nj=1(1− |zj |)kj
Proof. Let f ∈ H∞(Un). We consider the polydisk
T˜ n = T˜1 . . . T˜n, T˜j =
{
ζj, ζj = zj + ηj(1− |zj |)e
iθj
}
j = 1, ..., n
We take ηj so that T˜j lies in the unit disc. Using the Cauchy formula
for T˜ n we get
∂k1+...+knf(z)
∂zk11 . . . ∂z
kn
n
=
1
(2pii)n
∫
T˜n
f(ζ1, . . . ζn)dζ1 . . . dζn∏n
j=1(ζj − zj)
kj
,
then ∣∣∣∣∣∂k1+...+knf(z)∂zk11 . . . ∂zknn
∣∣∣∣∣ ≤ 1(2pi)n
∫
T˜n
|f(ζ)|dθ1...dθn∏n
j=1 ηj(1− |zj |
2)kj
≤ Const
∫
T˜n
dθ1...dθn∏n
j=1 ηj(1− |zj |
2)kj
=
Const
(1− |zj |)kj

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Lemma 2. Let n = 1, ω ∈ S, a+ 1− βω > 0, b > 1 and b− a− 2 > αω.
Then ∫
U
(1− |w|2)aω(1− |w|2)
|1− zw|b
dm2(w) ≤
ω(1− |z|2)
(1− |z|2)b−a−2
For proof see Lemma 1.6 [4]
2 Toeplitz operators on Bp(ω).
Theorem 1. Let p > 1, βωj < 0, p ≥ αωj ,βωj + αωj < 0, 1 ≤ j ≤ n and
h ∈ H∞(Un). Then Th is bounded operator: Bp(ω)→ Bp(ω).
Proof. We show that, if h ∈ Bq(ω
∗), then Th¯(f) ∈ Bp(ω). Using
f(z) = C(α, pi)
∫
Un
(1− |ξ|2)αDf(ξ)P (ξ¯, z)
(1− ξ¯z)α+1
dm2n(ξ).
where
P (ξ¯, z) = (1− (1− ξ¯z)α+1)/z, α = (α1, ..., αn), αi ∈ N ,
we get
Th¯(f)(z) =
1
(2pii)n
∫
Un
(1− |ξ|2)mDf(ξ)
∫
Tn
h(t)P (t¯, ξ)dtdm2n(ξ)
(1− ξ¯t)m+1(t− z)
=
=
1
(2pii)n
∫
Un
(1− |ξ|2)mDf(ξ)
∫
Tn
h(t)P (t, ξ¯)tmdt
(1− tz¯)(t− ξ)m+1
dm2n(ξ)
Without loss of generality, we assume that P (t¯, ξ) = t¯lξl . Then we get
Th¯(f)(z) =
1
(2pii)n
∫
Un
(1− |ξ|2)mDf(ξ)
∫
Tn
h(t)tlξl t¯mdt
(t− ξ)m+1(1− t¯z)
dm2n(ξ)
=
1
(2pii)nm!
∫
Un
(1− |ξ|2)mDf(ξ)ξl
∂m
∂ξm
(
h(ξ)ξm−l
1− ξz¯
)
dm2n(ξ)
We set h(ξ)ξm−l = h˜(ξ). It follows that h˜ ∈ H∞(Un) (we can take m ∈
N
n .)
Then
Th¯(f)(z) =
1
(2pii)nm!
∫
Un
(1−|ξ|2)mDf(ξ)
m∑
|k|=0
ξkCkm
∂kh˜(ξ)
∂ξk11 . . . ∂ξ
kn
n
dm2n(ξ)
(1− ξ¯z)m−k+1
.
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Let
Φk(z) =
∫
Un
(1− |ξ|2)mDf(ξ)ξk
(1− ξ¯z)m−k
∂|k|h˜(ξ)
∂ξk11 . . . ∂ξ
kn
n
dm2n(ξ).
We shall show that Φk(z) ∈ Bp(ω). To this end using Lemma 1 we have
|DΦk(z)| ≤
∫
Un
(1− |ξ|2)m
|1− ξ¯z|m−k+2
∣∣∣∣∣∂k1+...+kn h˜(ξ, ξ¯)∂ξk11 . . . ∂ξknn
∣∣∣∣∣ |Df(ξ)|dm2n(ξ) =
=
∫
Un
(1− |ξ|2)m−k(1− |ξ|2)k
|1− ξ¯z|m−k+2
∣∣∣∣∣ ∂|k|h˜(ξ, ξ¯)∂ξk11 . . . ∂ξknn
∣∣∣∣∣Df(ξ)| ≤
≤ C||h˜||∞
(∫
Un
(1− |ξ|2)(m−k+2/q)p|Df(ξ)|pdm2n(ξ)
|1− ξ¯z|(m−k+2)p
)1/p
Then ∫
Un
(1− |z|2)p
|DΦk(z)|
pω(1− |z|)
(1− |z|2)2
dm2n(z) ≤ ||h||∞×
×
∫
Un
(1− |ξ|2)(m−k+2/q)p|Df(ξ)|p
∫
Un
(1− |z|2)pω(1− |ξ|)dm2n(ξ)
|1− ξ¯z|(m−k+2)p(1− |z|2)2
We estimate the following integral in the one dimensional case
I(ξ) =
∫
Un
(1− |ξ|2)p−2ω(1− |ξ|)
|1− ξ¯z|(m−k+2)p
dm2(z).
(i) If (m− k + 2)p − 1− p+ 2 + βω < 1 (hence (m− k + 1)p < −βω ) then
I(ξ) ≤ const .
(ii) If (m− k + 2)p > −βω then I(ξ) ≤ const./(1− |ξ|)
(m−k+1)p+βω−1 .
(iii)If (m− k + 2)p = −βω then I(ξ) ≤ log(1− |ξ|)
−1 .
For the case (i) we have∫
U
(1− |ξ|2)(m−k+2/q)p|Df(ξ)|p
ω(1− |ξ|)
ω(1− |ξ|2)
dm2(ξ) ≤∫
U
|Df(ξ)|p
ω(1− |ξ|)
(1− |ξ|2)2−p
(1− |ξ|)γdm2(ξ) = ‖f‖
p
Bp(ω)
where γ = p(m− k) + 2p/q + 2− p− αω = (m− k)p+ p− αω ≥ 0.
For the case (ii) we have∫
U
(1− |ξ|2)(m−k+2/q)p|Df(ξ)|p
dm2(ξ)
(1− |ξ|)(m−k+2)p+βω−1
=
=
∫
U
|Df(ξ)|p
ω(1− |ξ|)
(1− |ξ|2)2−p
dm2(ξ)
(1− |ξ|2)βω+2p−2p/q−2
≤ C||f ||pBp(ω),
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if βω + 2p− 2p/q − 2 = βω + αω < 0.
(iii) let (m− k + 1)p = −βω . Then∫
U
(1− |ξ|2)(m−k+2/q)p|Df(ξ)|p
ω(1− |ξ|)
ω(1− |ξ|2)
log
(
1
1− |ξ|
)
dm2(ξ)
=
∫
U
|Df(ξ)|p
ω(1− |ξ|)
(1− |ξ|2)2−p
(1− |ξ|2)−βω−p+2p/q−p+2−αω log
(
1
1− |ξ|
)
dm2(ξ)
≤ C||f ||pBp(ω), −βω − αω > 0.
Then it follows that Φk ∈ Bp(ω) and therefore Th¯(f) ∈ Bp(ω).

We turn to the application of our result to division theorem in spaces
Bp(ω), (p > 1). To this end, we need the following well-known definitions.
Definition 5. A function g ∈ H∞(Un) is called an inner function, if its
radial boundary values satisfy |g∗(w)| = 1 almost everywhere on T n (see
[6]
Definition 6. An inner function g ∈ H∞(Un) is said to be good, if u[g] = 0,
where u[g] is the least n-harmonic majorant of log |g| in Un .
Theorem 2. Let p > 1, βωj < 0, p ≥ αωj ,βωj + αωj < 0, 1 ≤ j ≤ n.
Let f ∈ Bp(ω) and J be good inner function and F = f/g ∈ H(U
n). Then
F ∈ Bp(ω).
Proof is ivident:
TJ(f)(z) =
1
(2pii)n
∫
Tn
f(ζ)J(ζ)
ζ − z
dζ =
=
1
(2pii)n
∫
Tn
f(ζ)/J(ζ)
ζ − z
dζ =
1
(2pii)n
∫
Tn
F (ζ)
ζ − z
dζ = F (z)
By Theorem 1 F ∈ Bp(ω)

3 Hankel und Berezin type operators on Ap(ω)
Theorem 3. Let p > 1, f ∈ Ap(ω) (or f ∈ A
p
(ω)), g ∈ L∞(Un). Then
hαg (f) ∈ A
p
(ω) if and only if αj > (αωj + 1)/p − 1, 1 ≤ j ≤ n.
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Proof.By Holders inequality,we have
‖hαg f‖
p
A
p
(ω)
=
∫
Un
ω(1− |z|)
(∫
Un
(1− |ζ|2)α
|1− zζ|α+2
|f(ζ)||g(ζ)|dm2n(ζ)
)p
dm2n(z) ≤
≤ C
∫
Un
ω(1− |z|)
(1− |z|2)αp/q
∫
Un
(1− |ζ|2)αp
|1− zζ|α+2
|f(ζ)|p|g(ζ)|pdm2n(ζ)dm2n(z)
≤ C
∫
Un
(1− |ξ|2)αp|f(ζ)|p|g(ζ)|p
ω(1− |ζ|)
(1− |ζ|2)α+αp/q
dm2n(ζ) = C‖g‖
p
∞‖f‖
p
Ap(ω)
In the last inequality we have used Lemma 2. Conversely, let hαg (f) ∈ A
p
(ω)
for all g ∈ L∞(Un). Take the function fr(ζ) and gr(ζ) as follows:
fr(z) = Cr(1− rz)
−k, kj > (αωj + 2)/p, 1 ≤ j ≤ n, r = (r1, ..., rn) (2)
rj ∈ (0, 1), k = (k1, ..., kn), Cr = (1− r)
k−2/pω−1/p(1− r) (3)
and
gr(ζ) = exp
− arg fr(ζ) (4)
Then we have ‖fr‖Ap(ω) ∼ const.
We consider the following domain
U˜j = {zj ∈ U, | arg zj | < (1− rj)/2; (4rj − 1)/3 < |zj | < (1 + 2rj)/3}
U˜n = U˜1 × . . .× U˜n (5)
the domain U˜n defined by (5) andc a polydisk V n such that V
n
⊂ U˜n ( V
n
is the closure of V n )i. Then we get
‖hαgrfr‖Ap(ω) ≥
∫
Un
ω(1−|z|)
(∫
V n
(1− |ζ|)α
|1− zζ|α+2
|fr(ζ)|dm2n(ζ)
)p
dm2n(z) = I.
Let
max
ζ∈V
n
|1− zζ| = |1− zζ˜|,
then
I ≥ C1(α, p, ω)
(1 − r)αp−2
ω(1− r)
∫
Un
ω(1− |z|)
(∫
V n
dm2n(ζ)
|1− zζ|α+2
)p
dm2n(z) ≥
C1(α, p, ω)
(1 − r)(α+2)p−2
ω(1− r)
∫
Un
ω(1− |z|)
|1− zζ˜|(α+2)p
dm2n(z).
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If we assume that (αj+2)p ≤ αωj+2 for some j , then for the corresponding
integral taking ωj(t) = t
αωj we get
∫
U
ωj(1− |zj |)
|1− zζ˜|(αj+2)p
dm2(zj) ∼ const, if (αj + 2)p < αωj + 2
and∫
U
ωj(1− |zj |)
|1− zζ˜|(αj+2)p
dm2(zj) ∼ log
1
1− |ζ˜j |
, if (αj + 2)p = αωj + 2.
Consequently,
(1− rj)
(αj+2)p
ωj(1− rj)(1 − rj)2
→∞,
(1− rj)
(αj+2)p
ωj(1− rj)(1− rj)2
log
1
1− rj
→∞
if rj → 1− 0.

Next we consider the boundedness of the Berezin-typ operators.
Theorem 4. Let p > 1, f ∈ Ap(ω) (or f ∈ A
p
(ω)), g ∈ L∞(Un) and let
αj > (αωj + 1)/p − 1, 1 ≤ j ≤ n. Then B
α
g (f) ∈ L
p(ω).
Proof. Let f ∈ Ap(ω) or f ∈ A
p
(ω). We will show that Bαf ∈ L
p(ω).
To this end we estimate the corresponding integral∫
Un
ω(1− |z|)
(
(1− |z|2)α+2
∫
Un
(1− |ζ|2)α|f(ζ)|
|1− zζ|4+2α
dm2n(ζ)
)p
dm2n(z) ≡ I
By Holders inequality, we get(∫
Un
(1− |ζ|2)α|f(ζ)|
|1− zζ|4+2α
dm2n(ζ)
)p
≤
‖g‖∞
(1− |z|)(2+α)p/q
∫
Un
(1− |ζ|2)α|f(ζ)|p
|1− ζz|4+2α
dm2n(ζ)
Then we get
I ≤
∫
Un
ω(1− |z|)(1 − |z|)(α+2)p
(1− |z|)(α+2)p/q
∫
Un
(1− |ζ|2)α|f(ζ)|p|g(ζ)|p
|1− ζz|4+2α
dm2n(ζ)dm2n(z)
=
∫
Un
|f(ζ)g(ζ)|p(1− |ζ|2)α
∫
Un
ω(1− |z|)(1 − |z|)(α+2)(1−1/q)p
|1− ζz|4+2α
dm2n(z)dm2n(ζ) ≤∫
Un
|f(ζ)g(ζ)|pω(1− |ζ|)dm2nζ ≤ ‖f‖
p
Ap(ω)‖g‖
p
∞
We have used Lemma 2 again.

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